We solve the Wess-Zumino consistency conditions of N = 1 off-shell conformal supergravity in four dimensions and determine the general form of the superconformal anomalies for arbitrary a and c anomaly coefficients to leading non trivial order in the gravitino. Besides the well known Weyl and R-symmetry anomalies, we compute explicitly the fermionic Q-and S-supersymmetry anomalies. In particular, we show that Q-supersymmetry is anomalous if and only if R-symmetry is anomalous. The Q-and S-supersymmetry anomalies give rise to an anomalous supersymmetry transformation for the supercurrent on curved backgrounds admitting Killing spinors, resulting in a deformed rigid supersymmetry algebra. Our results may have implications for supersymmetric localization and supersymmetry phenomenology. Analogous results are expected to hold in dimensions two and six and for other supergravity theories. The present analysis of the Wess-Zumino consistency conditions reproduces the holographic result of arXiv:1703.04299 and generalizes it to arbitrary a and c anomaly coefficients.
Introduction
Supersymmetric quantum field theories have proven invaluable for probing strong coupling physics due to non-renormalization theorems and supersymmetric localization techniques [1] [2] [3] [4] . They also play a pivotal role in holographic dualities and beyond the Standard Model phenomenology. Given the enormous utility of supersymmetry, it is rather surprising that the question of whether it is anomalous at the quantum level is still not conclusively answered, despite the extensive literature addressing this question in various contexts. The consensus seems to be that standard supersymmetry (often termed Q-supersymmetry) is not anomalous. However, we demonstrate in this paper that the Wess-Zumino consistency conditions [5] imply that Q-supersymmetry is necessarily anomalous in theories with an anomalous R-symmetry. The same conclusion is reached in the companion paper [6] by means of an one loop calculation in the free Wess-Zumino model. A related observation was made using the R-multiplet in the recent paper [7] . These results confirm the Qsupersymmetry anomaly discovered in the context of supersymmetric theories with a holographic dual in [8] , and the related anomalies in rigid supersymmetry [8] [9] [10] .
Global anomalies do not render the theory inconsistent -they are a property of the theory and affect physical observables, such as decay channels [11, 12] and transport coefficients (see [13] for a recent review and [14] for an observation of the mixed chiral-gravitational anomaly in tabletop experiments). They do mean, however, that the theory cannot be coupled consistently to dynamical gauge fields for the anomalous global symmetry. Specifically, a quantum anomaly in global supersymmetry implies that the theory cannot be coupled consistently to dynamical supergravity at the quantum level. It may also mean that certain conditions necessary to prove non-perturbative results are in fact not met.
In flat space, global -or rigid -anomalies are typically visible only in higher-point functions as contact terms that violate the classical Ward identities. For example, the lowest correlation functions where the Q-supersymmetry anomaly is visible in flat space are four-point functions involving two supercurrents and either two R-currents or one R-current and one stress tensor [6] . However, global anomalies become manifest at the level of the quantum effective action and in one-point functions when arbitrary sources for the current operators are turned on (i.e. when the theory is coupled to background gauge fields for the global symmetries), or when the theory is put on a curved background admitting Killing symmetries. In particular, global supersymmetry anomalies are related to supersymmetric index theorems and may affect observables such as partition functions, the Casimir energy, and Wilson loop expectation values of supersymmetric theories on curved backgrounds admitting rigid supersymmetry.
Following the recent advances in supersymmetric localization techniques [4] (see [15] for a comprehensive review), supersymmetric quantum field theories on curved backgrounds have attracted considerable interest. A systematic procedure for placing a supersymmetric theory on a curved background was proposed in [16] . The first step is coupling the theory to a given off-shell background supergravity, which corresponds to turning on arbitrary sources for the current multiplet operators and promoting the global symmetries -including supersymmetry -to local ones. The Killing spinor equations obtained by setting the supersymmetry variations of the fermionic background fields to zero determine the curved backgrounds that admit a notion of rigid supersymmetry. Such backgrounds have been largely classified for a number of off-shell supergravity theories and for various spacetime dimensions [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] (see also [28, 29] for earlier work). However, this procedure is classical and does not account for possible quantum anomalies.
It was in that context that the anomalies in Q-supersymmetry [8] and rigid supersymmetry [8, 9] were discovered, providing a resolution to an apparent tension between the field theory analysis of [30] [31] [32] and the holographic result of [33] . Based on the classical supersymmetry algebra on curved backgrounds that admit a certain number of supercharges, the authors of [30] [31] [32] demonstrated that the supersymmetric partition function on such backgrounds should be independent of specific deformations of the supersymmetric background. However, an explicit evaluation of the on-shell action of minimal N = 2 gauged supergravity on supersymmetric asymptotically locally AdS 5 solutions using holographic renormalization [34, 35] in [33] demonstrated that the holographic partition function on the same supersymmetric backgrounds does in fact depend on the deformation parameters. The resolution to this apparent contradiction was provided in [8] , where both the bosonic and fermionic superconformal Ward identities were derived holographically, including the corresponding superconformal anomalies. It was then shown that the anomalies in the fermionic Ward identities (the ones in the divergence and the gamma-trace of the supercurrent) lead to a deformed superconformal algebra on backgrounds admitting Killing spinors. Repeating the argument of [30] [31] [32] using this deformed supersymmetry algebra reproduced exactly the dependence on the deformations of the supersymmetric background seen in [33] . 1 The Ward identities and quantum anomalies of four dimensional superconformal theories have been studied extensively over the years [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . They are usually discussed in superspace language and can be written compactly in the form (see e.g. appendix A of [40] )
where the supertrace superfield J is given by
and
are respectively the square of the superWeyl tensor and the chirally projected superEuler density. The chiral superfields W αβγ and R and the vector superfield G αα are the three superspace curvatures [48] and in the conventions of [40] 
The components of the supertrace superfield J contain the trace of the stress tensor, the gamma-trace of the supercurrent, and the divergence of the R-current. The divergence of the stress tensor and of the supercurrent appear as components of the superspace conservation equation (1.1) .
The superspace analyses of [37, 44] and [39] seem especially related to our results in this paper. In particular, the anomalies in the divergence and in the gamma-trace of the supercurrent we derive are likely related to the fermionic components of the superspace cocycles found in [37, 39, 44] , even though none of these earlier works concerns N = 1 conformal supergravity and so the field content is somewhat different. Moreover, to the best of our knowledge these fermionic components have not been written explicitly in the literature before and so a direct comparison with our results is not straightforward. Another result that may be related to the anomalies we find here is [47] , where it was shown that in the presence of anomalous Abelian flavor symmetries the Wess-Zumino consistency conditions require additional -non holomorphic -terms to the supertrace anomaly. These terms seem related to terms we find here in the case of an anomalous R-symmetry.
Finally, we should mention that there is an extensive body of literature discussing supersymmetry anomalies in the presence of gauge anomalies in supersymmetric gauge theories, reviewed in [49] . Such anomalies involve the dynamical fields in the Lagrangian description of the gauge theory in flat space and are distinct from the supersymmetry anomalies we identify in the present paper, which involve the background supergravity fields. However, the mathematical structure underlying the descent equations that relates the R-symmetry and supersymmetry anomalies is identical to that relating gauge anomalies to supersymmetry anomalies [50] (see also [51, 52] ).
In this paper we consider N = 1 off-shell conformal supergravity in four dimensions [53] [54] [55] [56] , which provides a suitable background for superconformal theories via the construction of [16] . We determine the algebra of local symmetry transformations and derive the corresponding classical Ward identities. The main result of the paper is the solution of the Wess-Zumino consistency conditions [5] associated with the N = 1 conformal supergravity algebra from which we obtain the general form of the superconformal anomalies to leading non trivial order in the gravitino for arbitrary a and c anomaly coefficients. Our analysis is carried out in components and we explicitly determine the fermionic Ward identities corresponding to the divergence and the gamma-trace of the supercurrent, including their anomalies. To the best of our knowledge these have not appeared in the literature before, at least explicitly. The bosonic Ward identities and anomalies reproduce well known results [40] (corrected in [46] ). We find that the divergence of the supercurrent, which corresponds to the Ward identity associated with Q-supersymmetry, is anomalous whenever R-symmetry is anomalous. Moreover, the N = 1 supergravity algebra dictates that the Q-supersymmetry anomaly cannot be removed by a local counterterm without breaking diffeomorphisms and/or local Lorentz transformations. The Ward identities and the superconformal anomalies we obtain by solving the Wess-Zumino conditions reproduce those found holographically in [8] in the special case when the a and c anomaly coefficients are equal.
The paper is organized as follows. In section 2 we review relevant aspects of N = 1 off-shell conformal supergravity and determine the algebra of its local symmetry transformations. These transformations are used in section 3 to derive the corresponding classical Ward identities. The main result is presented in section 4, where we obtain the general form of the superconformal anomalies by solving the Wess-Zumino consistency conditions associated with the N = 1 conformal supergravity algebra. The actual calculation is shown in considerable detail in appendix B. In section 5 we determine the anomalous transformation of the supercurrent under local supersymmetry and discuss the implications for the rigid supersymmetry algebra on curved backgrounds admitting Killing spinors of conformal supergravity. We conclude in section 6 and collect our conventions and several gamma matrix identities in appendix A.
2 The local symmetry algebra of N = 1 conformal supergravity
In this section we review relevant aspects of N = 1 off-shell conformal supergravity in four dimensions and determine its local off-shell symmetry algebra as a preparatory step for solving the Wess-Zumino consistency conditions. N = 1 conformal supergravity can be constructed as a gauge theory of the superconformal algebra [53] [54] [55] [56] (see [57] [58] [59] [60] and chapter 16 of [61] for pedagogical reviews). Its field content consists of the vielbein e a µ , an Abelian gauge field A µ , and a Majorana gravitino ψ µ , which comprise 5+3 bosonic and 8 fermionic off-shell degrees of freedom.
The reason for focusing on N = 1 conformal supergravity here is threefold. Firstly, background conformal supergravity is relevant for describing the Ward identities of superconformal theories and their quantum anomalies. Moreover, other supergravity theories can be obtained from conformal supergravity by coupling it to compensator multiplets and gauge fixing via the so called tensor or multiplet calculus [59, 62, 63] . When applied to background supergravity, this procedure may be thought of as the process of turning on local relevant couplings at the ultraviolet superconformal fixed point. Finally, off-shell N = 1 conformal supergravity in four dimensions is induced on the conformal boundary of five dimensional anti de Sitter space by minimal N = 2 on-shell gauged supergravity in the bulk [64] . This means that the Wess-Zumino consistency conditions for N = 1 conformal supergravity should reproduce the superconformal anomalies obtained holographically in [8] for the case a = c. We will see in the subsequent sections that this is indeed the case.
In the construction of N = 1 conformal supergravity as a gauge theory of the superconformal algebra, Q-and S-supersymmetry are on the same footing before the curvature constraints are imposed, each having its own independent gauge field, respectively ψ µ and φ µ . The covariant derivative acts on these gauge fields as
where ω µ ab (e, ψ) denotes the torsion-full spin connection 2
Once the curvature constraints are imposed, however, the gauge field φ µ ceases to be an independent field and it is expressed locally in terms of the physical fields as
As we will see shortly, this quantity appears in the supersymmetry transformation of the gauge field A µ as well as in the fermionic superconformal anomalies. Our spinor conventions are given in appendix A and follow those of [61] . Compared to [60] , we use Lorentzian signature instead of Euclidean and we have rescaled the gauge field A µ according to − 3 4 A FT µ → A µ in order for its coefficient in the covariant derivatives (2.1) to be unity, as is standard in the field theory literature.
Local symmetry transformations
The local symmetries of N = 1 conformal supergravity are diffeomorphisms ξ µ (x), Weyl transformations σ(x), local frame rotations λ ab (x), U (1) gauge transformations θ(x), as well as Q-and S-supersymmetry, parameterized respectively by the local spinors ε(x) and η(x). The covariant derivative acts on the spinor parameters ε and η as
Under these local transformations the fields of N = 1 conformal supergravity transform as
These transformations imply that the quantity φ µ in (2.3) transforms as
where
is the Schouten tensor in four dimensions and the dual fieldstrength is defined as
Notice that the transformations (2.5) coincide with those induced on the boundary of five dimensional anti de Sitter space by minimal N = 2 gauged supergravity in the bulk [8, 64] . In order to compare with the results of [8] one should take into account that we have rescaled the gauge field and the local symmetry parameters according to
where "there" refers to the variables used in [8] . Moreover, we use the Majorana formulation of N = 1 conformal supergravity here instead of the Weyl formulation used in [8] .
Local symmetry algebra
The local transformations (2.5) determine the algebra of local symmetries, i.e. the commutators [δ Ω , δ Ω ], where Ω and Ω denote any of the local parameters σ, ξ, λ, θ, ε, η. Off-shell closure of the algebra requires that the parameters transform under the local symmetries as
Applying the transformations (2.5) repeatedly we then find that the only non vanishing commutators and the corresponding composite symmetry parameters are the following:
Notice that the composite parameters resulting from the commutator of two Q-supersymmetry transformations are field dependent, which means that the structure constants of the gauge algebra are field dependent. Such algebras are often termed soft algebras (see [65] for a recent discussion of soft algebras and their BRST cohomology) and supergravity theories are typically based on soft algebras. The commutation relations (2.12) form the basis for the Wess-Zumino consistency condition analysis to determine the superconformal anomalies in N = 1 conformal supergravity.
Classical Ward identities
We now turn to the derivation of the classical Ward identities of a local quantum field theory coupled to background N = 1 conformal supergravity. These identities can be thought of as Noether's conservation laws following from the local symmetry transformations (2.5). Since these depend only on the structure of the background supergravity, the resulting Ward identities are independent of the specific field theory Lagrangian, provided the coupling of the theory to background supergravity preserves the local supergravity symmetries at the classical level. The classical Ward identities can be expressed in the compact form
where Ω = (ξ, σ, λ, θ, ε, η) denotes any of the local transformations (2.5) and W [e, A, ψ] is the generating functional of connected correlation functions of local current operators associated with the background supergravity fields, namely
where e ≡ det(e a µ ). These definitions do not rely on a Lagrangian description of the quantum field theory, but if such a description exists, then the generating functional W [e, A, ψ] is expressed as Given the definition of the current operators (3.2) and the local symmetry transformations of the background supergravity fields (2.5), classical invariance of W [e, A, ψ] leads to a conservation law -or Ward identity -for each local symmetry, which we will now derive.
Diffeomorphisms
The transformation of the generating functional under diffeomorphisms is given by
Setting this quantity to zero for arbitrary ξ ν (x) gives the classical diffeomorphism Ward identity
We will see shortly that the terms in the second line correspond to the classical Ward identities for U (1) R gauge transformations and local frame rotations respectively.
Weyl symmetry
Under local Weyl rescalings the generating function transforms as
and, hence, the classical trace Ward identity takes the form
R-symmetry
The transformation of the generating function under U (1) R gauge transformations is given by
Hence, the classical R-symmetry Ward identity takes the form
Local frame rotations
Under local frame rotations the generating function transforms according to
Hence, the corresponding classical Ward identity is
Q-supersymmetry
The Q-supersymmetry transformation of the generating function is
Therefore, the classical Q-supersymmetry Ward identity takes the from
(3.14)
S-supersymmetry
Finally, the transformation of the generating function under S-supersymmetry is given by 15) and hence the classical Ward identity for S-supersymmetry is
4 Superconformal anomalies from the Wess-Zumino consistency conditions
At the quantum level the generating function W may not be invariant under all local symmetries of background conformal supergravity, i.e.
The non-invariance of the generating function of four dimensional theories can be parameterized as
where A W , A R , A Q and A S are possible quantum anomalies under Weyl, R-symmetry, Q-and S-supersymmetry transformations, respectively. Recall that the gravitational and Lorentz (frame rotation) anomalies are related by a local counterterm [66] and exist only in 4k + 2 dimensions, with k = 0, 1, . . .. Moreover, the mixed anomaly can be moved entirely to the conservation of the R-current by a choice of local counterterms (that is setting α = 0 in eq. (2.43) of [67] ). In this scheme diffeomorphisms remain a symmetry at the quantum level and the transformation of the generating function under all local symmetries can be parameterized as in (4.2).
Repeating the exercise of the previous section with the anomalous transformation (4.2) results in the same diffeomorphism and Lorentz Ward identities as those obtained respectively in (3.6) and (3.12), but the remaining Ward identities become
The objective of this section is to determine the general form of the quantum anomalies A W , A R , A Q and A S by solving the Wess-Zumino consistency conditions [5] associated with the N = 1 conformal supergravity algebra (2.12). The Wess-Zumino consistency conditions amount to the requirement that the local symmetry algebra (2.12) is realized when successive infinitesimal local symmetry variations δ Ω (also known as Ward operators) act on the generating functional W and read
for any pair of local symmetries Ω = (ξ, σ, λ, θ, ε, η) and Ω = (ξ , σ , λ , θ , ε , η ). In appendix B we determine general non trivial solution of the Wess-Zumino consistency conditions (4.4) for the N = 1 conformal supergravity algebra (2.12) in the scheme where diffeomorphisms and local Lorentz transformations are non anomalous. There are two non trivial solutions related respectively to the a and c coefficients of the Weyl anomaly and they take the form
where W 2 is the square of the Weyl tensor, E is the Euler density and P is the Pontryagin density. Their expressions in terms of the Riemann tensor are 6) where the dual Riemann tensor is defined in analogy with the dual U(1) R fieldstrength in (2.8) as 3
Moreover, P µν is the Schouten tensor defined in (2.7) and we have introduced the shorthand notation
Finally, we have used the normalization of the central charges adopted in [40] , according to which the a and c anomaly coefficients for free chiral and vector multiplets are given respectively by
Several comments are in order here. Firstly, we should point out that the anomalies (4.5), as well as the current operators defined in (3.2), are the consistent ones. The corresponding covariant quantities can be obtained by adding the appropriate Bardeen-Zumino terms [66] . Secondly, the bosonic Ward identities and anomalies we obtain reproduce well known results [40] (corrected in [46] ), but the fermionic Ward identities and anomalies have not appeared -at least explicitly -in the literature before. Moreover, the Ward identities (3.6), (3.12) and (4.3) derived above, including the anomalies (4.5), are in complete agreement with the results of [8] for theories with a holographic dual that have
where G 5 is the Newton constant in five dimensions and is the AdS 5 radius. Of course, such an agreement was expected since minimal N = 2 gauged supergravity induces off-shell N = 1 conformal supergravity on the four dimensional boundary of AdS 5 [64] and the anomalies can be computed through holographic renormalization [34] (see also [9, 10, 46, 68] ). An interesting question is whether there exists a local counterterm W ct that removes the Qsupersymmetry anomaly, i.e. such that δ ε (W + W ct ) = 0. Closure of the algebra requires that
with the composite parameters for the bosonic transformations given in (2.12). It follows that if such a counterterm exists, then it must also satisfy
Hence, either W ct removes also the R-symmetry anomaly, or it breaks diffeomorphisms and/or local frame rotations. This means that for theories with an R-symmetry anomaly, either Qsupersymmetry or diffeomorphisms/Lorentz transformations are anomalous as well. The identification of a possible local counterterm that moves the Q-anomaly to diffeomorphisms/Lorentz transformations is a problem we hope to address in future work.
Anomalous supercurrent transformation under Q-and S-supersymmetry
The superconformal anomalies (4.5) lead to anomalous transformations for the current operators under the corresponding local symmetries. In particular, the fermionic anomalies A Q and A S contribute to the transformation of the supercurrent under respectively Q-and S-supersymmetry [8] . When restricted to rigid symmetries of a specific background, the anomalous terms in the transformations of the currents result in a deformed superalgebra. The classical (non-anomalous) part of the current transformations can be deduced directly from the supergravity transformations (2.5) and the definition of the currents in (3.2). For example, (2.5) imply that the functional derivative with respect to the gravitino transforms according to
It follows that the Q-and S-supersymmetry transformations of the supercurrent are given by 4
Notice that these transformations coincide with those in eq. (5.9) of [8] in the special case a = c. The anomalous transformations of the supercurrent in (5.2) and (5.3) are essentially a rewriting of the two fermionic Ward identities in (4.3) and are useful for e.g. determining the effect of the superconformal anomalies in correlation functions [6] . They also determine the rigid superalgebra on curved backgrounds that admit Killing spinors of conformal supergravity. Namely, when the local spinor parameters ε and η are restricted to solutions (ε o , η o ) of the Killing spinor equation
on a fixed bosonic background specified by g µν and A µ , the corresponding transformation of the supercurrent under rigid supersymmetry is given by 5
5) 4 An equivalent but more formal way to determine how the currents transform under the local symmetries is to utilize the symplectic structure underlying the space of couplings and local operators [69] . The Ward identities correspond to first class constraints on this space, generating the local symmetry transformations under the Poisson bracket. In appendix B.1 of [8] this approach is used to obtain the anomalous transformation of the supercurrent under Q-and S-supersymmetry in the case a = c. 5 Note that (εo, ηo) are constant c-number parameters, while (ε, η) are Grassmann valued local parameters that transform non trivially under the local symmetries according to (2.11) .
where Q[ε o , η o ] is the conserved supercharge associated with the Killing spinor (ε o , η o ) and all bosonic fields in the transformations (5.2) and (5.3) are evaluated on the specific background. In [8, 9] it was shown that even though the Weyl and R-symmetry anomalies are numerically zero for a class of N = 1 conformal supergravity backgrounds admitting two real supercharges of opposite R-charge [18, 19] , the anomalous terms in the transformations of the supercurrent under rigid supersymmetry do not vanish, leading to a deformed rigid superalgebra on such backgrounds. As reviewed in the Introduction, this observation was the key to resolving the apparent tension between the field theory results of [30] [31] [32] that used the classical superalgebra and the holographic computation of [33] . Besides the dependence of the supersymmetric partition function on the background, however, the transformation of the supercurrent determines also the spectrum of BPS states. The anomalous transformation of the supercurrent results in a shifted spectrum [8, 9] . Although it may not be desirable -or even possible -to eliminate the Q-anomaly by a local counterterm that breaks diffeomorphisms and/or local Lorentz transformations as discussed in the previous section, it is plausible that the anomaly in rigid supersymmetry may be removed by a local counterterm that breaks certain (large) diffeomorphisms, but preserves the underlying structure of the supersymmetric background. An example of a somewhat analogous situation was discussed in [70] , where supersymmetric gauge theories in three dimensions with both Maxwell and ChernSimons terms coupled to background topological gravity were considered. The partition function of such theories on Seifert manifolds, which admit two supercharges of opposite R-charge, can be computed via supersymmetric localization and depends explicitly on the Seifert structure modulus b. In principle, this dependence could be explained by the presence of a framing anomaly, which implies that the partition function does indeed depend on the metric at the quantum level. The puzzle, however, is that for Seifert manifolds specifically the framing anomaly is numerically zero. The authors of [70] resolve the puzzle by arguing that in order to make the quantum theory invariant under Seifert reparameterizations and Seifert-topological (i.e. independent of metric deformations that preserve the Seifert structure) they need to add a local but non fully covariant counterterm. This counterterm does depend on the Seifert structure modulus b, which resolves the paradox.
It is plausible that similarly the rigid supersymmetry anomaly in four dimensions can be removed by a local counterterm that breaks those large diffeomorphisms that are not compatible with the structure of the supersymmetric background. In fact, for holographic theories (i.e. a = c at large N ) defined on trivial circle fibrations over Seifert manifolds such a local counterterm was found in [33] . It would be interesting to generalize this counterterm to non holographic theories with arbitrary a and c using the general form of the fermionic anomalies we obtained in this paper.
Concluding remarks
In this paper we determined the local symmetry algebra of N = 1 off-shell conformal supergravity in four dimensions and obtained the general form of the superconformal anomalies by solving the associated Wess-Zumino consistency conditions. To the best of our knowledge, the explicit form of the fermionic Ward identities and their anomalies have not appeared in the literature before. We find that the divergence of the supercurrent, which is associated with Q-supersymmetry, is anomalous whenever R-symmetry is anomalous. This anomaly cannot be removed by a local counterterm without breaking diffeomorphisms and/or local Lorentz transformations.
Several open questions remain. Our result that Q-supersymmetry is anomalous in any theory with an anomalous R-symmetry does not seem to depend on the specific supergravity theory we used in this paper. Indeed, we expect this result to hold in non-superconformal theories with an anomalous R-symmetry as well. This expectation is supported by the recent analysis of [7] . Another interesting question is whether there exists a local counterterm that eliminates the Qsupersymmetry anomaly. As we saw in section 4, such a counterterm would necessarily break diffeomorphisms and/or local Lorentz rotations. The related question for rigid supersymmetry on backgrounds that admit Killing spinors is relevant for the validity of supersymmetric localization computations on four-manifolds. An important example is the computation of generalized supersymmetric indices that count the microstates of supersymmetric AdS 5 black holes [71] [72] [73] [74] [75] . We hope to return to these questions in future work. 
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Appendix
A Spinor conventions and identities
Throughout this paper we follow the conventions of [61] . In particular, the tangent space metric is η = diag (−1, 1, 1, 1 ) and the Levi-Civita symbol ε µνρσ = ±1 satisfies ε 0123 = 1. The Levi-Civita tensor is defined as usual as µνρσ = √ −g ε µνρσ = e ε µνρσ . Moreover, the chirality matrix in four dimensions is given by
and we define the antisymmetrized products of gamma matrices as
where antisymmetrization is done with weight one. In the conventions we use here the gravitino ψ µ is a Majorana spinor (see section 3.3 of [61] for the definition) and we make extensive use of the spinor bilinear identity in four dimensions
For Majorana fermions we also have that
It is convenient to collect several identities involving antisymmetrized products of gamma matrices in d dimensions, most of which can be found in section 3 of [61] :
In particular, the following identities apply specifically to d = 4 and are used extensively:
Finally, the following three identities in four dimensions help compare the superconformal Ward identities (4.3) and the anomalies (4.5) with the corresponding results obtained in [8] :
B Solving the Wess-Zumino consistency conditions
In this appendix we provide the details of the proof that the superconformal anomalies (4.5) satisfy the Wess-Zumino consistency conditions (4.4) associated with the local symmetry algebra (2.12) of N = 1 conformal supergravity. Only a subset of the algebra relations need be checked explicitly since all commutators between any two non-anomalous symmetries are trivially satisfied. Moreover, the Wess-Zumino conditions for purely bosonic symmetries are known to hold [76] and are straightforward to check. We shall therefore focus on the commutation relations involving at least one fermionic symmetry transformation, except for the four commutators
which hold trivially. All computations in this appendix assume either a compact spacetime manifold or that the fields go to zero at infinity so that total derivative terms can be dropped. Moreover, we only keep the leading non trivial terms in the gravitino ψ µ .
Let us first consider the two commutation relations
Taking into account the Weyl transformation of the supersymmetry parameters in (2.11), it is straightforward to check that both the Q-and S-supersymmetry anomalies are Weyl invariant, i.e.
Moreover, the O(ψ 2 ) terms in the Weyl anomaly in (4.5) ensure that the Weyl anomaly density is invariant under both Q-and S-supersymmetry, i.e. 6
Combining these results we conclude that these two commutators satisfy the Wess-Zumino consistency conditions compatible with the local symmetry algebra, namely
The only remaining commutation relations involving a bosonic symmetry are those between local gauge transformations and either Q-or S-supersymmetry transformations. Staring with Q- 6 For the case a = c the O(ψ 2 ) terms in the Weyl anomaly can be found in [8] . For generic a and c the conditions (B.4) can be used to derive the fermionic terms in the Weyl anomaly.
supersymmetry, the anomalies in (4.5) determine
as required by the Wess-Zumino conditions.
For S-supersymmetry we have similarly 11) and hence,
There remain only the four commutators among fermionic symmetries. Applying two successive Q-supersymmetry transformations on the generating function W gives 13) and hence
14)
The last two terms can be rearranged as
Moreover, the fact that F [λσ F µν A ρ] = 0 and R κλ[µν R κλ στ A ρ] = 0 in four dimensions leads to the two identities
Therefore, we finally get
as required by the Wess-Zumino consistency conditions.
Two successive S-supersymmetry transformations on the generating function W give
We will now show that each of these terms vanishes once the corresponding expression with η and η interchanged is subtracted. The first term in the second equality in (B.20) vanishes trivially since
For the second term we have
Integrating by parts and using the Bianchi identity µνρσ ∂ ρ F µν = 0 we find that the second term vanishes as well. The third term can be simplified as
Hence, subtracting the same quantity with η and η interchanged we obtain 24) which again vanishes up to a total derivative term due to the Bianchi identity µνρσ ∂ ρ F µν = 0 . In order to evaluate the term proportional to the Schouten tensor P µν we note that
Hence,
where in the last equality we have used the Bianchi identity
It follows that the term proportional to the Schouten tensor P µν in (B.20) also vanishes. Finally, for the last term in (B.20) we have
Hence, 
